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Abstract 

We show that the number of homomorphisms from a knot group to a finite group 
G cannot be a VassiUev invariant, unless it is constant on the set of (2, 2p + 1) torus 
knots. In several cases, such as when G is a dihedral or symmetric group, this implies 
that the number of homomorphisms is not a Vassiliev invariant. 



Recently, the Vassiliev knot invariants also known as invariants of finite type, have 
attracted a lot of interest. The main properties of these invariants can be found in p| . In some 
sense the Vassiliev invariants include all the invariants associated to quantum deformations 
of Lie algebras. However, many classical knot invariants, such as the crossing number, the 
braid index and the signature are not Vassiliev invariants ^, |^ . Here we show that another 
well-known invariant, the number of homomorphisms (representations) of a knot group in a 
finite group G, is not a Vassiliev invariant, for several classes of groups G. 

Let be a knot, and denote by G{K) = 7ri(S'^ — K) the knot group. Let G be a finite 
group, and C a subset of G stable under conjugation: gCg^^ = C for all g E G. Let [K, G, G] 
be the number of homomorphisms G{K) —>■ G such that the image of a meridian of K is 
contained in G. In this note, we prove that if K [K, G, G] is not constant on the set 
of (2, 2p + 1) torus knots, it is not an invariant of finite type, see Corollary 1 below. For 
a given pair {G,G), it is a fairly simple matter to check whether this condition is satisfied. 
We illustrate this with various examples, including the dihedral and symmetric groups, for 
which we are able to conclude that [K, G, G] is not an invariant of finite type. 

The dihedral representations of knot groups have been first considered by Fox 0. A 
states model definition of [K, G, G] is given in 0. 

One preliminary remark is in order. Let G' be the commutator subgroup of G. If 
if : G{K) ^ G is surjective, then G/G' is cychc since G{K)/G{Ky = Z. Therefore if G/G' 
is not cyclic, [K, G, G] = [K, H,G H H] for some proper subgroup H of G. Thus we can 
always assume that G/G' is cyclic. 

Recall the definition of an invariant of finite type. Consider a set X = {ci, . . . ,cn} of N 
crossings of a regular projection of a knot K. For each map e : X {il}; l^t be the 
knot obtained by switching the crossing q if e{ci) = —1, for all i = 1, . . . ,N. Let v{K) be 
a C- valued invariant of knots. Then v{K) is said to be of type n, where n is a non- negative 
integer, if for all K and all sets X of N crossings with N > n, 

N 

e i=l 

where summation is over all maps e : X {±1}- An invariant is of finite type if there exists 
n such that it is an invariant of type n. 

Our starting point is a bound for the positive number [K,G,G]. It is a particular case 
of a more general theorem of Turaev, see [Q, p. 114. Using Turaev's definitions, one could 
derive this bound by proving that the category of representations of the quantum double of 
G is a unitary modular category. However we will give a direct, elementary proof. Let c be 
the number of elements in G. 

Theorem 1 If K may be obtained as the closure of a braid on k strands, then [K, G, G] < . 

Proof. Let V be the complex vector space with basis G. We construct a representation of 
the braid group Bk on V'^^. Define an automorphism R of V^'^ by 

R(^a (g) 6) = aba"'^ ® a, (2) 
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where a,h E C. Its inverse is given by 

R-\a0b) = b0b-^ab. (3) 

The desired representation is p : 6j i-^ Ri,i+i, where bi, i = 1, . . . , k — 1 are the generators of 
and 

Ri^i+i = 1 ® 1 ■ ■ • ® ® • ■ ■ ® 1, (4) 

where R acts in the i-th and i + 1-th copies of V. By comparing (Q) and with the 
relations in the Wirtinger presentation of G{K), it is easy to see that [K,G,C] = Trp(/5), 
where (3 E is a. braid such that K is equivalent to the closure of (3. 

Now observe that in the basis C C, i? is a permutation matrix. Thus for any j3 E Bk, 
p{(3) is also a permutation matrix. Since the trace of a permutation matrix is always less or 
equal than the trace of the identity matrix of the same size, this proves the theorem. □ 

Remark that if all elements of C commute among themselves, then R = R~^ and [K, G, C] 
is a constant. 

For any integer p, let Kp denote the (2, 2p + 1) torus knot. Dean [§] and Trapp ^ 
independently proved the following result. 

Theorem 2 Ifv{K) is an invariant of type n, then v{Kp), as a function ofp, is a polynomial 
of degree at most n. 

Corollary 1 // the function p [Kp, G, G] is not constant, [K, G, G] is not an invariant of 
finite type. 

Proof. Applying theorem 1 to the case K = Kp, we find [Kp, G, G] < c^, because every Kp 
may be realised as the closure of a braid on two strands. By theorem 2, if [Kp, G, G] is of 
finite type, it is a polynomial in p, so being bounded, it must be a constant. □ 

Lemma 1 The following conditions are equivalent: 

{*) [Kp, G, G] is not constant. 
{**) There exist a,b E G , a^b, such that [obYa = b{aby for some integer p. 

Proof. An easy induction shows that G{Kp) has a presentation with two generators g, h and 
one relation {ghYg = h{ghy. Therefore, [Kp, G, G] is the number of elements in 

Cp = {{a,b) EG X G \ {abfa = b{aby}. (5) 

For all p, Cp D {(a, a) \ a E G} = Cq. □ 

It is clear that if the pair (G, G) satisfies these conditions, then so does any pair {Gi, Gi) 
with Gi D G, Ci D G. 
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Let n > 1 be an integer. The dihedral group Dn of order 2n is a group with two generators 
ri,r2 and the relations rf = r2 = (rir2)" = 1. Note that Dn/ D'^ is cyclic if and only if n 
is odd. More generally, a finite Coxeter group W of rank £ is a finite group with generators 
ri, r2, . . . , and relations {rirj)"^'^ = 1, where rriij = rriji, rriij > 2 if i 7^ j, and ma = 1 for 
all i. Note that any Coxeter group W of rank i > 2 contains a dihedral group Dn- Finite 
Coxeter group have been classified . They are Weyl groups of finite-dimensional semisimple 
Lie algebras, dihedral groups, or two other groups and 1/4. The symmetric group is 
realized as the Weyl group of the Lie algebra slg, the generators are the transpositions 
{i, i + I). The two transpositions {i, i + I) and {i + l,i + 2) generate a subgroup D3. 

Lemma 2 Ifnis odd and Cn is the set of conjugates of the generators ri, r2, [K, Dn, C„] is 
not an invariant of finite type. 

Proof. Take p = {n — l)/2. Then it is easy to check that a = ri, b = r2, satisfy the condition 
(**) above. □ 

Apart from the groups containing dihedral groups, there is another class of groups for 
which we can easily show that [K, G, C] is not an invariant of finite type. They are the 
groups containing SL{2, Z^) or PSL{2, Z^)- Consider A,Be SL{2, Z^) given by 



It is again easy to check that A and B satisfy (**) with p = 1. The reason for this is that 
the group of the trefoil has a representation in S'L(2, Z), since it has a presentation with 
generators x, y and one relation = y^. Thus we get 

Lemma 3 If G = S'L(2, Z^,) and G is the set of conjugates of A and B, then [K,G,G] is 
not an invariant of finite type. 

From these observations we deduce the next results on some important families of groups. 
Theorem 3 In the following cases [K,G,G] is not an invariant of finite type: 

(a) G is a finite Coxeter group which contains a subgroup Dn with odd n, and G contains 
the conjugates of the generators ri,r2 of Dn. 

(b) G is the symmetric group Sn, n > 3, and G is the set of transpositions. 

(c) G is the alternating group An, n > 5, and G is the set of elements which are the 
products of two commuting transpositions. 

(d) G = SL{2, F), where F is a finite field, and G is the set of conjugates of the elements 




(6) 



A,B m (§;. 
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Proof. Lemma 2 implies (a) and (b), lemma 3 implies (d). To prove (c), we remark that 
(12) (n — 1, n) and (23) (n — 1, n) generate a subgroup D3. □ 

Thus we are led to the following problem: prove or disprove that for all pairs (G, C), 
[K, G, C] is either constant or not an invariant of finite type. 
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